It is shown that the Maxwell's equations for surface electromagnetic TM waves, propagating along the plane boundary between two nonlinear dielectrics with arbitrary diagonal tensor of dielectric permittivity, depending on |E|, can be integrated in quadratures.
Surface electromagnetic waves, propagating along the boundary between two media with different optical properties were widely studied [1] [2] [3] [4] [5] [6] [7] . Nonetheless the integration of the corresponding equations presents difficulties because of their complicated nonlinear form.
We will consider surface TM waves for the case of two dielectric media with the diagonal dielectric permittivity tensor ε i k = diag(ε x , ε y , ε z ), therewith ε x , ε y , ε z are considered as arbitrary real functions of electric field strength E.
Suppose the plane x = 0 to be that of separation and plane electromagnetic wave with frequency ω and wave vector k to propagate along z-axis. We will consider TM wave, assuming
Putting ∂ t = −v ∂ z , where v = ω/k = β c is the wave velocity, we write the system of Maxwell's equations in each medium:
Inasmuch at x = ± ∞ the field is supposed to vanish, from (2) we will find
Assuming that ∂ z = ik, E x = iA, E z = B, where A and B are real functions, from
(1), (3) and (4) we deduce
where prime denotes differentiation with respect to x. Taking the functions
and ε z (A 2 + B 2 ) as given ones, we will admit that |E| 2 and ε z can be expressed as some functions of ε x , i.e.
where, according to (5)
Differentiating the equation (8) in view of (6), one gets
The equation (10) admits the integrating factor Y (ε x ) (see Appendix 1):
where
Given ε x (0), the value of permittivity ε x at E = 0, i.e. at x = ±∞, from (10) we deduce the quadrature
The equation (13), thus, defines the function f = F (ε x ), and finally one gets
Solving the equation (8) with respect to f ′ and taking into account (13), we find the
, which is integrated in quadratures:
Here the sign ± is to be chosen in accordance with the domain x > 0 or x < 0. The integration constants in (14) are to be found from the boundary conditions, which are equivalent to the continuity conditions for the functions f and f ′ at x = 0. The solution of the boundary conditions, mentioned, is defined by the form of the functions ε x (|E| 2 ) and ε z (|E| 2 ).
Let us consider a simple example assuming that
with a x , a y , a z , b x , b y , b z being constants. Then from (7) one gets the functions:
Putting them into (11) we get (see Appendix 2)
Here we assume that D > 0. For simplicity we will now consider the case when the dielectric is isotropic, i.e.
In this case one gets the integrating factor Y (ε) = ε. Putting it into (13) and taking into account that at x → ∞, f → 0 and ε → a, we find
The equation (14) in this case reads:
where P (ε) = (ε + a) (3 ε − 2 β 2 ε 2 − a). One can rewrite this equality in the form:
Using the substitution
one can rewrite the last equality by means of elliptical integrals (see Appendix 3):
Putting K(ε x ) and X into (11) one gets
Appendix 3:
For ε = In view of these expressions we get dε P (ε) = − C 0 dϕ 1 − s 2 sin 2 ϕ = − C 0 F (ϕ, s).
Analogously one can find the other terms.
